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ABSTRACT. Games associated with congestion situations & la Rosenthal (1973)
have pure Nash equilibria. This result implicitly relies on the existence of a
potential function. In this paper we provide a characterization of potential games
intermsof coordination gamesand dummy games. Second, we extend Rosenthal’s
congestion model to an incomplete information setting, and show that the related
Bayesian games are potential games and therefore have pure Bayesian equilibria.
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1. INTRODUCTION

The situation in which different agents make use of the same set
of facilities and where the costs of use are expressed in terms of a
function depending on the number of users has been described by
Rosenthal (1973). He al so showed that the associated strategic game
has a pure strategy Nash equilibrium. Thisresult isimplicitly dueto
the existence of a potential function for this class of games, as has
been shown by Monderer and Shapley (1996).

Inthis paper wefirst deriveacharacterization of (weighted) poten-
tial gamesintermsof coordination and dummy games, which enables
usto computethe dimension of thelinear space of weighted potential
games. Inthe second part we propose ageneralization of Rosenthal’s
model, which gives the possibility to model broader classes of eco-
nomic and real life situations. In fact we consider situations with
incomplete information, in which an agent can be of severa types
and has, according to each type, a specific goal. On the other hand we
will allow the different individuals to have different cost functions,
introducing a vector of weights. A weighted congestion model has
also been proposed by Milchtaich (1996) but, aswill be shown later,
the role of the weight vector in our model is quite different.
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It turns out that the congestion games associated with weighted
Bayesian congestion situations are Bayesian potential games and,
under the common prior assumption, this implies the existence of
a pure Bayesian equilibrium (van Heuman, Peleg, Tijs and Borm,
1996). These results are illustrated by a booking game. The paper
concludes with an example which shows that Bayesian potential
games need not to have a pure Bayesian equilibrium when the com-
mon prior assumption (Harsanyi 1967—-68) is violated. This was
posed as an open question by van Heumen et al. (1996).

2. POTENTIAL GAMES

In this section we provide anew characterization of weighted poten-
tial games, which wereintroduced by Monderer and Shapley (1996).
As a result of this characterization by means of coordination and
dummy games, the dimension of the class of potential games is
easily calculated.

2.1. A Characterization of Weighted Potential Games

Let G = (N, {A;}ien, {u:}icn) beagamein strategic form, where
N isthefinite set of players, A; isthefinite set of actionsavailableto
player i and u; : [1,cy A; — R issome von Neumann—Morgenstern
utility functionfor player i. Thegame G iscalled aweighted potential
game if there exists a function P : [[;cy A; — R and a vector
w € RY, such that

Ui(aia afi) — Ui(a;aaﬂ') = (P(a’ia a,i) - P(a;,a,i))wi

foral: e N, a; € Ai,a; € A, and a_; € A_; = HjEN\{i} Aj.

We now consider the following two families of games. 'y ¢
and T'p. Let 'y be the class of strategic form games G = (N,
{A;}ien, {ci}ien) for which the utility function of player ¢ is such
that there exist avector w € RY, and afunction P : [[;ex 4; — R
withforeachi € N : ¢; = w; P. Such games are called the weighted
coordination games.

Let I';, be the class of strategic form games G = (N, {4, }ien,
{d;}ien) in which the utility function of a player does not depend
on his own actions. So, for eacha_; € A_;, thereexistsak € R
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such that d;(a;,a ;) = k for each a; € A;. These games are called
dummy games.

In the following theorem we will use the above notions to char-
acterize the class of weighted potential games.

THEOREM 2.1. G = (N, {A;}ien, {ui}ien) is aweighted poten-
tial gameif and only if

Ui:Cl‘—Fdi

for all i € N wherec; and d; aresuchthat (N, {A;}ien, {¢i}ien) €
Twe and (N, {A;}ien, {di}ien) € Ipt

Proof. Wewill just provethe‘onlyif’ part.LetG = (N, {A;}ien,
{ci}ien) be aweighted potential game, then there exist w € RY,
and P : [l;eny Ai — R with:

ui(a;, a;) = w; P(a;, a_;) + u;(a;, a_;) — w; P(a;, a_;)

foralli € N,a; € A;,a’ , € A;janda_; € A_;.

Taking ci(a;, a_;) = wP(a;, a_;) and d;(a;, a_;) = ui(a;, a_;) —
’U)Z'P(CLZ', a_i), it followsthat <N, {Ai}iENa {Ci}i€N> isacoordination
gameand (N, {A;}ien, {d; }ien) iSadummy gamesinceu;(a;, a_;)—
w;P(a;,a_;) = ui(aj,a ;) — w;P(a,,a_;) for adl i € N,a; €
Ai, (]J; € A, and a_; € A_;.

EXAMPLE 2.1. Inthefollowing 2 x 2 game, which isasimplified
version of Rousseau’s stag-hunt game? (1971), aplayer hasto decide
whether to cooperate to hunt a stag (action S) or to go off on hisown
and hunt rabbits (action R).

S R
S 110,20 0,6
R | 3,0 36

If the weight vector isw = (1, 2), then a weighted potential exists
and isgiven by

o {10 3}

3 6

For player 1 the payoff matrix is
10 O 10 3 0 -3
s el =% ot o 3
w-pot. game  w-coord. game dummy game
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and likewise for player 2

20 6 10 3 0O O
06l =215 6 * |6 o
w-pot. game  w-coord. game dummy game

2.2. Onthe Dimension of the Linear Space of Potential Games

Consider the family 'V of strategic form games with fixed player
set N = {1,...,n} and fixed action space A = [[;cy A; With
m; = |A;] and m = (my,...,m,). Clearly the family '™ can
be identified with the function space (R )Iliev 4 of maps from
[Lien A; into RY in a natural sense, according to the fact that the
gameis ‘known’ if for every action profile a € ;o A; the utility

vector (uy(a), uz(a), ..., u,(a)) isgiven. Therefore we havethat for
the family V™
dim(rV™) = dim(®RV )ILiex 4 = 1 T m.
1EN

In Theorem 2.1 we have characterized (weighted) potential games
as the sum of coordination games and dummy games. Using that
result, we will derive the dimension of the linear space of potential
games.

Let PTV:m c T'N™ denote the subclass of potential games with
N playersand m = (my, ..., m,), wherem; = | A;|. Asacorollary
of Theorem 2.1 we have that

(x)  PON™=Tp™4+To™

where T2 isthe class of coordination games and '} isthe class
of dummy games.
We can now prove the following

THEOREM 2.2. For the linear space of potential games PT'V-™:

dim PTY™ =T m; + Y (H m]-) -1
i=1 i=1 \j#i
Proof. Because of () wehavethat dim(PTN™) = dim(I'y™) —
dim(TY™ N TN"™). The dimensions of the right hand side of the
equation can be easily computed, identifying rg’m with the function
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space (R)Hiezv A and TV with the function space (]R)Hi?fl A
ce X (]R)Hi;énAi_

Then dim((R)[Liex ) = [T,cx mi and dim((®) L% x ... x
@A) = 5y Ty,

Now it suffices to show that dim(I'y™ N T'y™) = 1. Using the
definition of coordination and dummy games a game (N, { A; }ien,
{ui}ien) in (D)™ N TS™) has the property that there exist u
[Ticy Ai — R such that u;(a) = u(a) foral i € N,a € [Tien 4
because it is a coordination game and u(a) = u(b) for dl a,b €
[Len A; sinceit alsoisadummy game. It meansthat (D)™ NTA™)
can beidentified with R.

REMARK 2.3. It should be mentioned that Monderer and Shapley
(1996) provide such note on dimensions without proof in Appendix
B of their paper. It is straightforward to show that the same result
holds even in the computation of the dimension of the linear space
of weighted potential games with fixed weight vector.

3. CONGESTION SITUATIONSAND BAYESIAN POTENTIAL GAMES

Rosenthal (1973) considers congestion situations where each agent
wants to achieve an individual objective by choosing a suitable
subset of a set M of common facilities. The using cost of each
separate facility depends on the number of users.

Congestion situationsgiveriseto potential gamesand, conversely,
each finite potential game can be derived from acongestion situation
(Monderer and Shapley, 1996). An important property of potential
games is the existence of a pure Nash equilibrium. In this section
we look at ageneral type of congestion situation which givesriseto
Bayesian potential games with pure Bayesian equilibria. Our con-
gestionmodel constitutesageneralization of Rosenthal’sone.

EXAMPLE 3.1. (A booking game). Consider the situation in which
two agents, depending on their types, want to go to a concert hall
to see Verdi’'s Aida (type ) or to the stadium (type ), to watch the
soccer match Ajax—AC Milan. There are three places in which the
tickets can be booked, the stadium (S), where it is possible to buy
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20,30

w1:]

only the soccer ticket, the concert hall (C'), which only sells opera’'s
tickets and a booking office (B) where both tickets can be obtained.
In order to reserve aticket, the agents decide to call the providing
facilities. We assume that the first agent is at home while the second
oneison the street and therefore has to call from apublic telephone.
If both call the same facility simultaneously, then someone has to
wait on line. For thisreason, we assumethat the average calling time
is increased by 50%, which obviously leads to an additional cost.
Finally, if the agents call the ‘correct’ facility with respect to their
type, then their utility is increased by some reward. The picture in
Figure 1 illustrates this situation. In particular, we assume that the
average time for calling the stadium is 20 if only one agent calls
and 30 if both try to ring. For the booking office we similarly have
an average calling time of 16 and 24 and for the concert hall of 22
and 33, respectively. Moreover, we take into account the fact that
agent 1 callsfrom home while agent 2 callsfrom a public telephone.
Since in the Netherlands the call cost per unit of time from a public
phoneistwice as high as the cost for calling from home, we have to
‘weight’ the average calling time by afactor of one for agent 1 and
two for agent 2.

Furthermore we suppose that agent 1 can enjoy entertainments
more than agent 2 and therefore their rewards for obtaining the right
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ticket, independently of their type, are 500 and 400, respectively.
Obtaining the wrong ticket gives a zero reward.

The general model underlying this kind of situation is called a
weighted Bayesian congestion situation and can be described as
follows:

[Na Ma {T'i}iENa b, {ri}iENa {Ck}kEMa ’UJ]
where

e N =1{12,...,n}isthefinite set of players.

e M ={1,2,...,m} isthefinite set of facilities.

e T; isthe finite set of types of users i € N, which specify the
goal of each player.

e p € A(T) isaprobability measureon 7" := ;v T;-

o7 2M x T; — R; r;(a;, t;) isthereward of player i for using
thefacilitiesin a; € 2V if histypeist;.

e ¢, :{0,1,...,|N|} — Ry isthe cost function depending on
the number of users of facility &.

e w € RY, isainterpreted asfollows: player i has costs w;c(¢),
¢ €{0,1,...,|N|} for factor £ if there are ¢ users.

We are now going to define a Bayesian game (with common prior)
corresponding to the weighted congestion situation described above.
The general form of a Bayesian game GG isgiven by

G = (N, {Ai}ien, {Ti}ien, p, {ui}ien)

where N, {T;}.cn and p play the obviousroles and the set of actions
isdefined by A; := 2M for al playersi € N and the utility function
u; - (2N x T — rforali e N by

(xx)  wi(a,t) =ri(a;, t;) — w; kz ce(ne(ag, ..., a,))

foral s € (2M)N andt € T, where ng(ay, .. ., a,) isthe number of
usersof facility k£ according tothechosenfacility sets. It meansthatin
our model therole of theweightsisto extend Rosenthal’sframework
alowing different cost functions for each player. The problem of
how to model a players specific contribution to the congestion has
been considered aso by Milchtaich in a recent paper (1996). In
his framework however, where the weights are used to model the
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fact that a car and a heavy truck play different roles in inducing
congestion, it is impossible to guarantee the existence of a pure
strategy Nash equilibriumif not all weights are equal.

Formally, given aBayesian game G = (N, {A;}ien, p, {ui}ien)
a strategy of player i isamap z; : T, — A;. A strategy profile
x € X = [l;en X; iscaled a (pure) Bayesian equilibrium of the
game(G ifforali e N,t; € T; and a; € A;:

Z p(t—ilti)u; {xy( ')}jENat)

t_ ;€T ;

> Y pltolt)ui(({5(t5) en\ gy ai), 1)

t_ ;€T ;

where p(t_;|t;) is the conditional probability® player i putsont_;,
assuming that hisown typeist;.

For aBayesangame G = (N, {Ai}ien, {Ti fien, P, {ifien) the
corresponding ex ante game G is defined by

G=(X1,...,Xp, 01, ...,10n)

wherefor al i € N, X; = (A;)Ti isthe strategy set for player i and

Ui(z) = Yyer p(t)ui((z;(t;))ien, t) isthe payoff function.
Harsanyi (1968, |1, p. 321) proved the following theorem.

THEOREM 3.1. For any Bayesian game G' with common prior, x is
a Bayesian equilibrium of ¢ if and only if z is a Nash equilibrium
of the ex ante game G.

In Theorem 3.4 it will be shown that the game associated to
a weighted Bayesian congestion situation is a weighted Bayesian
potential game in the sense of the following:

DEFINITION 3.1. Let G beaBayesangame. GG iscaled aweighted
Bayesian potential gameif thereexist afunctiong : Ax7T — Rand
avector w € RL such that, for every i € N,a € A,b; € A;, and
teT

ui(a,t) = ui((ai, b;), t) = wi(q(a, ) — q((a;, b;), 1))

The function ¢ is called aweighted potential for G.
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THEOREM 3.2. Let G = (N, {Ai}ien, {Ti}ien, p; {uitien) be @
welghted Bayesian game arising from a weighted Bayesian conges-
tion situation [N, M, {T;}icn, p, {ri}tien, {¢k trenm, w]. Then G isa
welghted Bayesian potential game.

Proof. Define
ri(ai, t;) ni (@)
aa.t) =3 == 2 > ald)
ien Wi keM =0
Then, using (xx)
rilag,t;)w;
wiQ(CL, t) - 'U/i(a, t) = — Z M
j#i wj
ng(a—i)
—w; Z Z ck(0).
keM (=0

This means that w;q(a,t) — u;(a, t) does not depend on the action
a;. Therefore ¢ isaweighted potential for G. |

It is not always the case that a Bayesian potential game can be
derived from aweighted Bayesian congestion situation. Igal Milch-
taich provided the following counterexample. Consider a Bayesian
potential game where N = {1,2},7; = {«a},T2 = {v,d}. The
payoff matrices are

vy )
L R L R
T [1,1 o,o] [o,o 1,1]

«

B |00 1,1| |1,1 00
Recalling equation (xx), the following should be true

UZ((ala L)a (aa 7)) - UZ((alv L)v (aa 6))
= TZ(La 7) - TZ(LJ 5)
In other words, the difference should not depend on the action taken

by player 1. Going back to the example, it is easy to see that this
differenceis plusor minus 1 depending on player’s choice.
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REMARK 3.3. Our result can be easily extended to type dependent
weights, but this could give rise to interpretation problems (see the
booking game for an example). Therefore we prefer to confine all
the private information present in our model to the type dependent
targets.

We now apply the previous results to our example of a booking
situation and obtain the associated booking game, which is described
asfollows:

<{17 2}7 {Sa Ba C}a {Ua ’i}apa {ula u2}>

where the common prior p will be specified later and u4, u, are
the utility functions of the players. For the sake of ssimplicity, we
eliminate the strategies which suggest to each player to use two
or three different facilities, because they are obviously dominated.
Therefore the knotted payoff matrices are, depending on the type of
each player,

K g

S B c S B c

(484, —40) (476,352) (484,356) | | (484,360) (476,352) (484, —44)

In other words, for example, player 1 likes to go to the concert
hall (i.e. heisof type k) and player 2 isfond of soccer (type o), then,
when both call the booking office to book their ticket, player 1 hasa
utility of 476 = 500 — 24 and player 2 of 352 = 400 — 2 x 24. We
can compute now an associated potential, which is given by

K o

S B C S B C

S| 0 214 208 192 206 O
k B |514 710 712 706 702 504
C | 508 712 695 700 704 487

r(—30,—60) (—20,368) (—20,356)7 [(—30,340) (—20,368) (—20,—44)]
| (478,—40) (478,368) (467,334) | | (478,360) (478,368) (467,—66) |
" (470,—60) (480,368) (480,356)7 [ (470,340) (480,368) (480, —44) ]

(484, —40) (476,352) (484,356) | | (484,360) (476,352) (484,—44) |.
| (—22,-40) (—22,368) (—33,334)| |(-22,360) (—22,368) (—33,—66)]
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S 1492 706 700 705 719 513
o B |506 702 704 719 715 517].
c| 0 204 187 213 217 O

Consider now the following (common) prior

K ag

4 2

_ Rl 1
p=,112 3|

10 10

It turns out that several strategies are dominated for both players. So
the ‘knotted’ ex ante gameis:

BS BB cs CB

BS [ 476.2,351.6 477.6,358.4 479.4,352 480.8,358.8*
BB 480, 356 476, 352 484, 358* 480, 354

cS 475.8,358  478.8,368* 471.4,343.2 474.4,353.2
CB | 479.6,362.4* 477.2,361.6 476,349.2 473.6,348.4

There are four Nash equilibriain pure strategies and considering
an associated ex ante potential matrix, we can show that (BB, C'S)
isthe potential maximizer.

BS BB cS CB

BS [ 7073 710.7 707.5 710.9"
BB | 7111 7091 712.1" 710.1
cS | 7069 711.9* 699.5 704.5
¢B | 710.7+ 7103 704.1 703.7

In terms of our congestion situation, the behaviour prescribed by
the potential maximizer is that if player 2 is of type «, he has to
call the concert hall directly, while if heis of type o, he has to call
the stadium directly. Player 1 instead, regardless of his type, must
always call the booking office in order to get the desired tickets.

4. INCONSISTENT PRIORS

In this paper we have considered a weighted congestion model,
which has been associated to a weighted Bayesian potential game.
It iswell known (see van Heuman et al. 1996) that every Bayesian
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potential game with common prior has a pure strategy equilibrium.
In the same paper the problem whether each Bayesian potential game
has a pure equilibrium is posed as an open question. It turns out that
this need not be the case, as can be seen in the next example. To
show our result we first state the following:

LEMMA 4.1. Let G = (N, {A;}ien, {Ti}ien, {pitien, {uitien)
be a general Bayesian game where p; is the probability measure of
player ; over T' := [[;cn T;. Let G be the game associated with G
where, for every i € N, X; isthe set of pure strategies of player i
andforeveryr € X,i € N,

= > pi()ui({z;(t) }yen, 1)

teT

then if {x;};cn is a Bayesian equilibrium of G, {z;};cn isa Nash
equilibrium of the ex-ante game G associated with G.

Proof. By definition of a Bayesian equilibrium, we have that for
alt, e T;,a; € A,

sz —ilti)ui({z(t5) iens t)
sz ilta)us ({75 ')}jeN\{i}’ai)’t)‘

Then

> (Zm(m,h)) pit-ilti)ui({z;(t;)}jen, t)

t_; S—g

t_; S—4

> (Zpi(s—i,ti)> pilt—ilto)ui(({7;(t;) Fienmgiy> @), 1)
soforeacht; € T;, a; € A;

sz Uj {Ty}geN, ZPZ Uz {%}JEN\{}, ), )-

This means that
sz ui({z(t;)}jen, t)
sz uz {x] )}jeN\{i}; ai): t)
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and thusfor dl y; € X;
i () > i(Yi, ;). u
Now we ook at a specific Bayesian potential gamewith inconsistent

priors. There are two players, 1 and 2. Each player has two different
types 71 = {a, 8}, To = {~,§}. The priors p1, p, are given by

S O
et [0 2] met [
Blz O 610 3

and the payoff matrices are given typewise:

7y )
L R L R
) 1,1 0,0] [0,0 1,1]
B 0,0 1,1| [1,1 0,0
5 T [0,0 1,1] [0,0 1,1
B|1,1 00| [1,1 0,0

The corresponding G game is given by

LL LR RL RR
1 3 1 2
I 0f 31 40 1
TB ;Zg’l 1,; O,%, E’O
oo of 1y b
BB 1,§ Z’O Z’l O,§

It iseasy to show that there are no pure Nash equilibriain this game.
Then using Lemma 4.1 the Bayesian game does not have a pure
Bayesian equilibrium.

NOTES

* G.F. gratefully acknowledgesfinancial support provided by the University of
Trento, Italy.

1 Using the sum characterization it is easy to get a new axiomatic characteriza-
tion of the potential maximizer, following the line originally proposed by Peleg,
Potters and Tijs (1996).
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2 |t isinteresting to note that in 2 x 2 weighted stag-hunt games the potential
maximizer selects the same equilibrium as the Harsanyi—Selten (1988), Giith
(1992) and Carlsson—Van Damme (1993) criteria.

3 This conditional probability can be defined if the assumption is made that
every player puts positive probability on each of histypes. We restrict ourselves
to gamesfor which thisis the case.
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